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demand for probabilistic load flow calculation for AC 
electrified railways.  Simple simulation results will be shown 
to illustrate the process of the calculation in an AC supply 
system with autotransformers [4] (AT). 
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ed railways to study the load demand under various 
ervice conditions.  This paper highlights the differences 
babilistic load flow analysis between the usual power 
s and power supply systems in AC railways; discusses 
ssible difficulties
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the traditional probabilistic power system load flow analys
that, in addition to the load-level variations, the movin
nature of load, uncertainties of scheduling and train spee
have to be taken into account.   
 
As a result, load flow calculation in AC electrified railways 
has to consider a number of factors into consideration.  Th
paper presents the work on tackling one of the first problem
– linking up train movement to the corresponding powe
tes numerous industrial and commercial activities in 
developed or developing countries.  A significant 
r of railway lines around the world are now on full 
fication [1].  From the viewpoint of railway operators 
ower utility providers, extensive power load flow 
s is of utmost importance for system planning, 
pment, operation, maintenance, integration and 
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lectrified railway line resembles a typical power 
ission and distribution system.  The major difference is 
e loads (trains) move and change operation modes 
ntly.  Power demand varies over a wide range and a 
ay even become a source when regenerative braking is 
 Other uncertainties are resulted from a number of 
2.1 Feeding systems 
Power load flow analysis requires information on the suppl
system layout, feeding structure and load [3].  In AC railwa
systems, transformer substations are located at certai
positions along the line with track sectioning point
segregating feeding sections.   
 
track layout, traction equipment control and 
’ behaviour, to name a few.   
bove factors and their ‘combinations’ lead to huge 
t of repeated calculations in any power load flow 
is.  If the system planning/design is based on the worst 
ions of extremely low probability only, over-design is 
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if the design is made according to the less onerous 
ns, system reliability and hence quality of services 
ecome a main concern. 
kle this complicated issue, a probabilistic load flow 
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Fig. 1  AT feed system 
 
While direct connection of the feed transformer secondary
the catenaries and rails is not uncommon in AC railway
booster transformers (BT) or autotransformers (AT) placed 
within a feeding section have been widely adopted in AC
railways to improve transmission efficiency and syste
regulation, reduce rail-to-earth voltage and earth current an
suppress electromagnetic interference to t
telecommunication circuits in close proximity.  The feeding 
system
distrib g. 1 
shows a typical AT feeding arrangement.   
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of inter-station run of a train is attained from either on-board 
recordi
deman
 
 thus consists of more parallel conductors and the 
ution of current becomes more complicated.  Fi
ads 
drawn from the load (train) depends upon the train’s 
and operation mode which are in turn determined by 
raction equipment characteristics, train weight, 
namics, track geometry and train control strategies etc.  
wer demand may thus vary significantly within a very 
eriod of time during an inter-station run.   
 that the train is moving only further perplexes the 
ow calculation and it signifies the difference between a 
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ain movement and power demand 
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 is likely of constant MVA (or at least varying in a more 
ed manner) and at fixed positions, the load demand 
with train speed and its operation mode.   
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ters, such as traction effort, efficiency and power 
ng or simulation, as shown in Fig. 2, train power 
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g. 2  A typical speed profile of an inter-station run 
rain speed is not the only decisive factor on train’s 
 demand.  Referring to a certain speed on the speed 
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flow is not only different in value but, more importantly, in 
direction.  It is also necessary to include the operation mode 
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, once the train position is known, train power demand 
can be implied through the corresponding speed and operation 
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random samples can be taken for further processing in load 
flow calculation.   
 
 
(accelerating from a station) or braking (slowing down for the 
of the train.  
 
While train speed does not necessarily imply its operation 
mode, the train position, relative to the locations of the tw
stations of an inter-station run, is employed to indicate bo
train speed and operation mode.  In an inter-station run, 
train should be in motoring mode when it is close to th
departing station whilst the brake must be on when it i
approaching the next station.  With the easily attained spe
profile
Hence
 
As a result, train position is used as the primary parameter in
the calculation of probabilistic load flow with Monte Carl
simulation technique. 
 
3 Monte Carlo simulation 
3.1 Random samples of train position 
 
Monte Carlo simulation technique is adopted in t
calculation of probabilistic load flow.   As train position is 
primary random variable, a probability distribution function 
(pdf) of the train position has to be established before thei
 
Fig. 3 An example of train position pdf 
 
As the probability of a train being at a particularly positio
depends on the amount of time it spends on that position, i
therefore inversely proportional to the train speed.  The 
position pdf is derived by the reciprocated inter-station spee
pro
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the area under the graph to 1.  An example of train position 
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strated in Fig. 3.  Similar pdfs can then be obtained 
er inter-station runs or different operational conditions.  
 samples are thus drawn from the corresponding 
ative probability functions. 
eding system 
eding system is the most complicated of all in AC 
s on AT feeding and a simplified model has been 
o cater for the PLF calculation [5].  Other feeding 
s can be modelled in similar manner. 
wn in Fig. 4, the AT feed system can be divided into 3 
lent radial distribution system [6].  There are three 
onductors carrying current, catenary, rail and feeder, 
as the two rails have been regarded as a combined 
ctor.  Each conductor presents its own impedance and 
 impedances exist among the conductors.  The 
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g. 4  Three equivalent radial distribution systems 
 a supply section where th
rmer of secondary voltage at 50kV, t
 is indeed a 25kV radical distribution with trains 
) located at different positions on the track.  Fig. 5 
 an equivalent circuit for a total of n trains along the 
0
Vc0
 
 
Mutua
of volt
volt-dr
 
1 32 n
Vc1 Vc2 Vc3 Vcn
P1+jQ1 P2+jQ2 P3+jQ3 Pn+jQn
Fig. 5  Radial distribution with train loads 
l impedances play an important role in the calculation 
-drop along the conductors.  For example, in Fig. 4, the 
op in the catenary at train position x is 
( ) ( ) ( )xVVxV cc −=∆ 0  
             ( ) ( ) ( ) ( ) ( ) ( )xZxIxZxIxZxI cffcrrcc −−=  (1) 
 
which is different from the conventional radial distribution 
system.  cI , rI  and fI  are the currents flowing throug
catenary, rail and feeder w
h 
hilst cZ , crZ  and cfZ  are catenary 
impedance, mutual impedances between catenary and rail and 
catenary and feeder respectively. 
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The catenary voltage is derived according to the curre
distribution and hence the feeding point power SS jQP + is 
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ine train 
d sQ by the superposition theorem. 
3.3 Load flow calculation 
The random sample of the train position pdf is first taken and 
the corresponding train speed and operation mode are 
deduced accordingly.  Having obtained the power demand of 
the train, the load flow calculation is possible when the track 
o 
er 
er 
e 
obtained with known train power load tt jQP +  in linearise
equations. 
 
When there are more than one trains on the line, their current 
distributions are calculated individually.  Currents are then
summed together at each conductor to determ
voltage, sP  an
layout and feeding system configuration are put together t
form a distribution network.   
 
The process, depicted in fig. 6, repeats a substantial numb
of times to attain the pdfs of voltage, real and reactive pow
at the supply point or indeed any nominated point in th
network through Monte Carlo simulation. 
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Fig. 6 PLF process 
 
 
4 Results 
The models are tested with data of real inter-station runs and 
the 
he 
ry 
traction equipment characteristics. Autotransformers in 
feeding section are separated by 12km and the voltage on t
secondary of supply transformer is 55kV (i.e. the catena
voltage is 27.5kV).  The simulation is carried out on a P4 
800MHz PC. 
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Fig. 7 Pdf of real power demand 
 
 
 
Fig. 8 Pdf of reactive power demand 
 
 
 
Fig. 9 Pdf of voltage at the first AT 
 
 
 
Fig. 10 Pdf of voltage at the second AT 
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Fig. 11 Pdf of voltage at the train 
 
The results are obtained from 5,000 random samples of trai
positions and the computation time is less than 1s.  Voltage is 
confined below 27.5kV as the train is not equipped wi
regenerative braking.   
 
With just one train consuming power, the line voltage shou
not drop much, which is reflected by the higher probability 
voltage from 27.3 to 27.5kV. 
computational demand becomes heavy.  This test also 
examines the computation time, as well as the spread of 
voltage pdfs. 
 
Firstly, 2 trains are running on the line with 3 ATs and 10,00
random samples are used.  Fig. 12-15 illustrate the pdfs 
voltage magnitude and phase of the first train, and real an
reactive demand from the feeding transformer respectively. 
Secondly, the feeding system supports 5 trains with 4 AT
25,000 
Fig. 16
samples are used in this case.  The results are given in 
-19. 
 
Fig. 12  Pdf of voltage magnitude of the first train 
 
 
 
Fig. 13  Pdf of voltage phase of the first train 
 
 
 
ig. 14  Pdf of real power demand from the supply 
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Fig. 15  Pdf of reactive power demand from the supply 
 
 
Fig. 16  Pdf of voltage magnitude of the first train 
 
 
Fig. 17  Pdf of voltage phase of the first train 
 
 
 
ig. 18  Pdf of real power demand from the supply F
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